Abstract. This paper gives a description of all harmonic morphisms from a threedimensional non-simply-connected Euclidean and spherical space form to a surface, by extending the work of Baird-Wood [4, 5] who dealt with the simply-connected case; namely we show that any such harmonic morphism is the composition of a "standard" harmonic morphism and a weakly conformal map. To complete the description we list the space forms and the standard harmonic morphisms on them.
Introduction
A smooth map φ : M→N between Riemannian manifolds is called a harmonic morphism if it preserves germs of harmonic functions, i.e., if f is a real-valued harmonic function on an open set V ⊆ N then the composition f • φ is harmonic on φ −1 (V ) ⊆ M.
In [4, 5] P. Baird and the second author studied harmonic morphisms from a threedimensional simply-connected space form to a surface and obtained a complete local and global classification of them. The classification of three-dimensional Euclidean and spherical space forms is well-known cf. [13, Chapters 3 and 7] . This motivates us to study the global classification of harmonic morphisms from three-dimensional nonsimply-connected Euclidean and spherical space forms to a surface. In this paper, we obtain a description of all harmonic morphisms from any three-dimensional Euclidean and spherical space form to a surface, namely that any such harmonic morphism is the composition of a standard harmonic morphism (see Remark 3.2) and a weakly conformal map.
Section 2 gives some basic facts on harmonic morphisms and conformal foliations.
Section 3 contains the main results of the paper. Section 4 lists the standard harmonic morphisms from all the spherical and orientable Euclidean space forms. We shall make use of standard properties of orbifolds and Seifert fibre spaces; the reader is referred to [11, 12] 
For a smooth map φ :
The points of the set M \C φ are called regular points.
N is conformal and surjective. This means that there exists a function λ :
By setting λ = 0 on C φ , we can extend λ :
The characterization obtained by B. Fuglede [7] and T. Ishihara [9] It follows that, locally, φ is a submersion to an open subset of C followed by a weakly conformal map (cf. [5] ).
2.3.
Harmonic morphisms from three-dimensional simply-connected space forms to a surface. A complete classification of harmonic morphisms from a three-dimensional simplyconnected space form was obtained by P. Baird and the second author in [4, 5] . To state their results we consider the following standard examples of harmonic morphisms from three-dimensional simply-connected space forms:
2.4. The smoothing process of Baird and Wood.
The smoothing process of Baird and the second author, obtained in [6] , is that an orbifold O, which is the leaf space of a Seifert fibre space without reflections can be smoothed to have a conformal structure.
Specifically, let (M 3 , F) be a Seifert fibre space without reflections, with a C ∞ metric such that the Seifert foliation F is a conformal foliation by geodesics. Let L M denote the leaf space of M 3 ; this is an orbifold with only cone points as singular points such that the cone points correspond to the critical fibres, cf. [11] . The horizontal conformality of φ at points on regular fibres gives L M \ {cone points} a conformal structure c; then away from the critical fibres, the natural projection φ of ( 
We need a variant of this which we can state without mention of a 3-manifold: A 2-dimensional Riemannian orbifold is an orbifold which is locally the quotient of a 2-dimensional Riemannian manifold by a discrete group Γ ′ of isometries [10, 11] , it has only cone points as singularities if and only if for each p, stabilizers Γ ′ p are all finite subgroups of orientation preserving isometries.
Such an orbifold has a Riemannian metric and so a conformal structure away from the cone points. 
We shall call L s the smoothed orbifold (associated to L).
Harmonic morphisms from three-dimensional non-simply-connected
Euclidean and spherical space forms to a surface 
We first describe some standard harmonic morphisms from such a space form to a surface: 
Suppose further that 
We shall see later that Conditions (b1), (b2) are necessary for (iii) and (iv).
We shall again call the harmonic morphisms φ i,Γ standard harmonic morphisms. Proof.
(i): Since Γ preserves F i it induces an action on the leaf space E 2 i ; since Γ preserves the distance between leaves of the Riemannian foliations F i , this action is by a group Γ ′ of isometries.
(ii): This is clear since the natural projection E 3 → E 3 /Γ is a Riemannian covering. 
s has branch points precisely at the inverse images of cone points, φ i,Γ has critical points precisely at π
is a Seifert fibre space without reflections and our construction is the same as that in [6, Prop. 2.6]. However, if M 3 is not compact, the leaves of F i,Γ may not be closed and our construction is a little more general.
Example 1.
Suppose that Γ is the infinite cyclic group generated by the glide reflection
. This preserves the standard foliation F 1 on R 3 and factors to the group Γ ′ , of order 2, of isometries of R 2 generated by the reflection
′ is the half plane, an orbifold with reflector line 
Example 2.
Suppose that Γ is the infinite cyclic group generated by the screw motion (R θ , t v 3 )
consisting of a rotation about the x 3 -axis through an angle θ and a translation by one unit in the x 3 -direction. Then Γ preserves the standard foliation F 1 on R 3 and factors to the cyclic group Γ ′ of isometries of R 2 generated by rotation R θ through θ about the origin. There are two cases:
factors to a foilation F 1,Γ of R 3 /Γ by straight lines. Γ does not satisfy Condition (b2) and there is no harmonic morphism from R 3 /Γ to a surface with corresponding foliation F 1,Γ .
2. If θ/2π is rational, say p/q in lowest terms, Γ ′ is cyclic of order q generated by
′ is an orbifold with one cone point of angle 2π/q, R 3 /Γ is diffeomorphic to R 2 × S 1 and F 1 factors to a Seifert fibration
→ z q and the resulting standard harmonic morphism is given by
We next show that, up to postcomposition with weakly conformal maps, our standard harmonic morphisms give all harmonic morphisms from complete flat or spherical 3-dimensional space forms. Let G i denote the set of all discrete groups of isometries acting freely on E (2) so that Condition (b1) is satisfied. We have shown that Γ ∈ G 1 .
′ is an orbifold with only cone points. Note that it is the leaf space L M of F i,Γ , it can thus be smoothed as above and the resulting harmonic morphism
C 0 , and C ∞ and conformal away from the cone points, therefore conformal everywhere and the Theorem is proved.
4. the standard harmonic morphisms from complete flat and spherical space forms
To complete our description of harmonic morphisms from Euclidean and spherical space forms M 3 we list the standard harmonic morphisms for these two cases.
4.1. The Euclidean case. Recall that G 1 denotes the set of all discrete groups of isometries acting freely on R 3 and satisfying (a), (b1) and (b2) of Theorem 3.1. 3, 6 ).
where v 1 , v 2 , v 3 are mutually orthogonal:
denotes rotation in R 3 through an angle θ about v. Bracketted pairs (A, t) denote A followed by t, thus, for example, (R θ (v), t v ) is the screw motion through θ along v. 
